For the rod-shaped Gram-negative bacterium Escherichia coli, changes in cell shape have critical consequences for motility, immune system evasion, proliferation and adhesion. For most bacteria, the peptidoglycan cell wall is both necessary and sufficient to determine cell shape. However, how the synthesis machinery assembles a peptidoglycan network with a robustly maintained micron-scale shape has remained elusive. To explore shape maintenance, we have quantified the robustness of cell shape in three Gram-negative bacteria in different genetic backgrounds and in the presence of an antibiotic that inhibits division. Building on previous modelling suggesting a prominent role for mechanical forces in shape regulation, we introduce a biophysical model for the growth dynamics of rod-shaped cells to investigate the roles of spatial regulation of peptidoglycan synthesis, glycan-strand biochemistry and mechanical stretching during insertion. Our studies reveal that rod-shape maintenance requires insertion to be insensitive to fluctuations in cell-wall density and stress, and even a simple helical pattern of insertion is sufficient for over sixfold elongation without significant loss in shape. In addition, we demonstrate that both the length and pre-stretching of newly inserted strands regulate cell width. In sum, we show that simple physical rules can allow bacteria to achieve robust, shape-preserving cell-wall growth.
Introduction
Bacteria control their shape with great precision and accuracy. Despite the enormous variety in bacterial morphology, cells of a particular species grown in a constant environment can maintain a characteristic shape through thousands of generations of growth (Philippe et al., 2009) . Many rod-shaped bacteria maintain a fixed direction and width as they elongate. Nevertheless, cells can adapt their shape and size in different osmotic environments or nutrient conditions, and cell size varies by 100-fold or more across the prokaryotic kingdom (Bergey and Holt, 1994; Schulz, 2002) . Disregulation of cell shape has critical consequences for important functions such as motility (Mitchell, 2002) , attachment (Rijnaarts et al., 1995) and phagocytosis (Champion and Mitragotri, 2006 ), yet even for well-studied organisms such as the rod-shaped Escherichia coli, little is known about how shape and size are determined and maintained (Young, 2010) .
The cell wall is both necessary and sufficient for determining cell shape (Höltje, 1998; Yao et al., 1999) , and it plays a central mechanical role in cell integrity by bearing the stress generated by turgor pressures of several atmospheres (Boulbitch et al., 2000) . In both Gram-negative and Gram-positive bacteria, the cell wall is constructed of peptidoglycan, a polymer network composed of long, stiff glycan strands and flexible peptide cross-links (Höltje, 1998) . During cell growth, the peptidoglycan network must expand, and existing bonds must break in order for more material to be inserted into the network (Höltje and Heidrich, 2001 ). This process of breaking and inserting, however, can easily result in loss of a defined cell shape. What strategies and rules can bacteria employ in order to expand the peptidoglycan network while maintaining cell shape?
In previous work, we developed a quantitative mechanical model of the Gram-negative bacterial cell wall in which the glycan disaccharide subunits and peptide cross-links are represented as stiff and flexible springs respectively (Huang et al., 2008) . In our model, these springs form a single-layered network stretched by the outward force applied to the cytoplasmic membrane by turgor pressure (Gan et al., 2008) . For a given peptidoglycan spring network, the cell's shape is determined by the mechanical equilibrium. The parameters in our model are specified by experimental measurements of Young's modulus (Yao et al., 1999) , of the persistence length of sugar strands (Cros et al., 1996) and of the 3D structure of the cell wall from cryo-electron tomography (Gan et al., 2008) . We used our model to successfully predict the morphological response of E. coli cells to damage induced by vancomycin treatment. Our physical model also suggested that many common bacterial cell shapes could be realized via simple spatial patterning of the organization of peptidoglycan. In particular, we demonstrated that a helical pattern of modification to the cross-linking of a cylindrical peptidoglycan network causes relaxation into a helical shape, a mechanism which has since been shown to determine the shape of Helicobacter pylori (Sycuro et al., 2010) . Thus, our model provides a direct link between the static network structure of the cell wall and the shape that it imposes on the cell. Nevertheless, it remains an open question as to how such a network can be grown by the synthesis machinery. Here, we carry out simulations of rod-shaped Gram-negative cell walls during extensive insertion and cross-linking of new strands, and reveal that simple spatial patterns of the insertion machinery are sufficient to maintain rod shape while the biochemical and mechanical properties of the inserted strands dictate cell width.
Results

Experimental quantification of the width and shape of Gram-negative rod-shaped bacteria
To quantify the robustness of rod-shape maintenance in Gram-negative bacteria, we imaged thousands of wildtype E. coli, Salmonella typhimurium and Pseudomonas aeruginosa cells and measured the variability of width, both along the length of individual cells and in the average width across the population. The average width of a population of 1340 wild-type E. coli K12 cells was 0.98 Ϯ 0.05 mm, and the width of the cylindrical portion of individual cells fluctuated by roughly 10%, both across the population (Fig. 1A) and within single cells (Fig. 1B) . Moreover, the curves defining the cell midline could be fit to a straight line with an average R 2 value of 0.96, indicating that the cells grow as straight rods with a well-maintained width. Wild-type S. typhimurium LT2 and P. aeruginosa PA01 cells had slightly different widths from E. coli cells but also maintained shape and size (Fig. 1A) . In contrast, a previously characterized CS612 mutant (Nelson and Young, 2000) lacking several genes in the peptidoglycan synthesis pathway (see Experimental procedures) exhibited dramatic variability in width across the population (1.42 Ϯ 0.23 mm, Fig. 1A ), and width varied more within individual cells especially wider cells (Fig. 1C) and cells often failed to grow in a straight line. From these experiments, it is clear that regulation of peptidoglycan synthesis is an important factor in the remarkable robustness of cell-shape determination in many Gram-negative bacteria.
Maintaining uniform insertion density preserves rod shape
Cell growth involves expansion of the cell wall, which requires a combination of breaking apart old material and inserting new strands. In spite of the potential for deformation after bond breakage due to the large turgor pressure, cells are able to elongate smoothly. It has been proposed that insertion of new material is tightly co-ordinated by a protein complex that colocalizes the hydrolysis of old material and the synthesis of new glycan strands (Koch, 1985) . We modelled growth by selecting a cross-link for initiation of glycan synthesis, breaking peptide cross-links along the path of insertion of a new strand, and cross-linking the new strand to the closest uncross-linked old material ( Fig. 2A , Experimental procedures). The cell wall relaxes to its lowest energy state between successive complete insertion events but not during insertion; this procedure mimics a 'make-before-break' scenario (Höltje, 1998) . In simulations in which cross-links were broken and the cell wall was relaxed prior to insertion, large pores were formed that were not closed by the following strand insertion event.
New strands were inserted with an average length of 20 disaccharide subunits approximately parallel to the existing strands, wrapping circumferentially around the longitudinal axis of the cell. The parameters in our model are based on experimental measurements when available, or reasonable assumptions otherwise (see Experimental procedures). Roughly N g~1000 glycan subunits would be required to form a hoop with the circumference of an E. coli cell. Because computational expense rises proportional to both the length and circumference of the cell wall, most of our simulations were performed on cell walls starting with a circumference corresponding to Ng = 100 glycan subunits. To compensate for this difference in cell size, we have scaled the peptide spring constant so that the network structure is insensitive to the value of Ng (see
Experimental procedures).
We first assessed the consequences of random selection of initiation sites (Fig. 2B) . If new material is inserted as complete hoops, the existing peptidoglycan serves as a sufficient template to maintain rod shape and width. However, new strands are typically much shorter than the circumference of the cell (Höltje, 1998) , thus insertion unavoidably results in heterogeneity of peptidoglycan density. Using our in silico model with the site of insertion selected at random from among the peptide cross-links between the two cell poles, we elongated a cell wall to six times its original length (Fig. 2C ). The initial cell-wall network is composed of short glycan strands whose length distribution matches experimental measurements of E. coli MC4100 in LB (see Experimental procedures). Repeated strand insertion caused deviations from the initial rod shape (Fig. 2C) , quickly causing bending and bulging at random sites along the cell wall. Because these sites had higher peptidoglycan density, the frequency of insertion at these points increased, resulting in a positive feedback that accentuated small deviations and led to rapid loss of rod shape and a large variation in width. By identifying the midline of the cell, we defined a local width, which varied by over 30% along the cell length (Fig. 2D ).
To ascertain if elimination of the positive feedback between cell-wall density and insertion is sufficient to maintain rod shape, we modified our growth model so that insertion initiation sites were chosen with a uniform density (Fig. 2E) . To do so, we assigned to each peptide cross-link a probability of selection that was inversely proportional to the local density of cross-links, whereas in Fig. 2B that probability was constant. In contrast to Fig. 2C , cell walls grown using this uniform insertion scheme maintained their rod shape through sixfold elongation (Fig. 2F) . The local width was relatively constant at each elongation step, although the average width slowly increased as the cell wall elongated (Fig. 2G ). We verified that the qualitative features of Fig. 2B -G did not depend on the set of stochastically selected insertion sites; in over 100 independent simulations, the random insertion model produced severely deformed cells while the uniform insertion model preserved rod shape. In E. coli (Varma et al., 2007) and Caulobacter crescentus (Aaron et al., 2007) , the celldivision protein FtsZ affects the localization of cell-wall synthesis. To incorporate FtsZ-mediated elongation, we modified our uniform insertion scheme so that insertion was more probable near the poles and midcell and observed that rod-shape maintenance was unaffected (Fig. S1 ). Our results therefore suggest that uncoupling the spatial pattern of insertion from local variations in cell-wall density is sufficient for maintenance of cell shape.
Strand length and insertional stretching affect cell width
Wild-type E. coli cells treated with cephalexin cannot divide, and instead elongate to hundreds of microns in length. We measured the width of filamentous cells and found no increase in the average cell width, even for cells longer than 25 mm (Fig. 3D ). We therefore examined whether the biophysical properties of the new strands could influence the cellular dimensions. First, biochemical changes to the insertion complexes could modify the average length L of new strands (Glauner et al., 1988; Harz et al., 1990) . Second, mechanical forces could stretch the new strands as they are inserted (Koch and Doyle, 1985; Koch, 2001 ). If such insertional stretching occurs, the length of each glycan subunit will be greater than its relaxed length, resulting in new strands that require fewer subunits to span a given length (Fig. 3A , stretched purple strand composed of seven subunits compared with nine subunits in the unstretched blue strand).
As shown in Fig. 3B , we elongated cell walls to three times their original length using our uniform insertion model by systematically changing the preferred strand length and insertional stretching. The length of newly synthesized glycan strands is reduced by lytic transglycosylases (Glauner and Höltje, 1990) ; in our simulations, we assume that such cleavage has already taken place and strands have adopted a particular preferred length. We observed a consistent decrease in width as the length of inserted strands and the amount of insertional stretching was increased (Fig. 3C) . We observed that pores in the cell wall were often larger near the ends of strands; hence inserting longer strands increased the overall average density of the peptidoglycan network. In addition, insertional stretching increased the density of cross-linking around the newly inserted strand. The width remained roughly constant for a number of combinations of strand length and insertional stretching (e.g. L = 20, 10% stretching). We also elongated cells using our uniform insertion model with a Gaussian distribution of strand lengths (20 Ϯ 5) to illustrate that the results are not sensitive to the precise length distribution (Fig. S2) .
To verify that the cell wall reaches a steady-state width and network architecture, we simulated four rounds of elongation and division, starting from a single cell and producing 16 progeny. In each generation, the cell walls were elongated using the uniform insertion model in Fig. 2E -G until the amount of peptidoglycan doubled. The cell walls were then divided in half along a plane perpendicular to the longitudinal axis. We ignored the hemispherical poles since the mechanism of mechanical constriction during division is currently unclear, and instead stabilized the ends by appending seven complete glycan hoops at the beginning of each simulation. The first three generations of cells are shown in Fig. 4A , and the average cell width of the daughter cells is shown in Fig. 4B . The width was well maintained throughout the 16-fold increase in length, and several metrics of cell-wall organization converged towards steady-state values (Fig. S3) . To establish that the average pore size would converge, we selected two cells from the fourth generation and verified convergence of cell width, average pore size and pore-size distribution during threefold elongation of these cells without division (Fig. S4) . In contrast, in the random insertion model neither strand length nor insertional stretching helped preserve cell shape or width (Fig. S5) . Taken together, our simulations suggest that while the spatial pattern of insertion controls the maintenance of cell shape, the molecular properties of the newly inserted strands control cell width.
Helical pattern of insertion sites maintains rod shape
We next explored other, more sparse spatial patterns that also uncouple insertion-site selection from the local cellwall density. The actin homologue MreB forms filaments in E. coli (Wang et al., 2010) that organize into helical patterns when overexpressed (Shih et al., 2005) . MreB also co-ordinates the localization of key components of the peptidoglycan synthesis machinery such as the transpeptidase PBP2 (Den Blaauwen et al., 2003) , and depolymerization of MreB by A22 treatment leads to progressive loss of rod shape (Shiomi et al., 2008) . We experimentally observed that E. coli cells initially continue to elongate when grown on an agarose pad with LB and A22 at 30°C, and adopted a lemon shape after several rounds of cell division (Movie S1). Moreover, cells grown on an agarose pad with LB, A22 and cephalexin at 30°C after 60 min of liquid growth in LB and cephalexin did not adopt a lemonshaped morphology; instead, the cells filamented but lost their ability to maintain cell width, with morphologies reminiscent of the local self-similar growth results in Fig. 2C (Movies S2 and S3).
To address one possible mechanism of MreB-mediated insertion, we modified our uniform insertion model so that potential insertion sites were chosen only if they lay near a fixed helix positioned interior to the cell wall and extending the length of the cell (Fig. 5A) . We found that with a helical pitch angle from 0.5 to 18 degrees, this parsimonious pattern of insertion preserves rod shape (Fig. 5B ) and cell width (Fig. 5C) , with similar efficacy as the uniform insertion model in Fig. 2E -G. As the cell wall elongated, newly inserted strands ended up migrating away from the fixed helix in a roughly circumferential direction due to subsequent insertion events. The inserted material (blue strands in Fig. 5B ) ended up evenly distributed across the cylindrical surface, thereby avoiding the positive feedback that causes bending and bulging for random insertion (Fig. 2C ) and suggesting that helical structures such as MreB may provide a biological mechanism for achieving the homogeneous insertion of cell-wall material necessary for maintaining a rod shape.
Recent single-molecule experiments have suggested that MreB may form short, treadmilling filaments (Kim et al., 2006) . To test whether fragmentation or movement of the MreB helix would affect rod-shape maintenance, we performed simulations in which the MreB helix was split up into four segments each with a fixed pitch angle of 18 degrees. The MreB segments were randomly oriented about the circumference relative to one another, and their orientation was reset randomly, as if spinning them about the longitudinal axis of the cell, on a timescale corresponding to~25% of the cell cycle. This growth model was also sufficient to maintain rod shape (Fig. S6 ), indicating that cell-shape maintenance from a helical pattern is not sensitive to the fragmentation or movement of the molecular structures defining the helix. Intriguingly, we observe that if the pitch angle becomes too large, rodshaped growth is not maintained (Fig. S7) , due to an obvious increase in cell-wall density near the helical insertion zones. These data suggest that the spatial pattern of insertion need not extend across the entire cell surface, as long as insertion remains uncoupled from cell-wall density.
A22 treatment causes growth into a round morphology in E. coli (Varma et al., 2007) , C. crescentus (Cowles and Gitai, 2010) and P. aeruginosa (Cowles and Gitai, 2010) , leading to the hypothesis that the default mode of growth in the absence of MreB is spherical. However, at least two rounds of cell division are required before the loss of rod shape is apparent (Fig. 6A, Movie S1 ). Moreover, in C. crescentus, elongation is also affected by the FtsZdependent midcell recruitment of MurG, the enzyme responsible for synthesis of the essential peptidoglycan precursor lipid II (Aaron et al., 2007) ; a similar FtsZdependent elongation is observed in E. coli as well. Therefore, we speculated that cells would continue to elongate in the absence of both MreB and FtsZ, and that such growth would resemble the random insertion model of elongation in Fig. 2C . After treating E. coli K12 cells A. Schematic of helical pattern of insertion sites on the same model cell wall as in Fig. 2B and E. B. Cell wall grown to six times its original length. 3D PDFs of model cell walls can be found online at http://bit.ly/mmi7616_5b (B). All 3D PDFs are fully interactive and can be viewed in Adobe Acrobat Reader (versions 9 and above). C. Local width of cell walls in (B).
Rod-shape maintenance in Gram-negative bacteria 7 with cephalexin for 60 min to ensure that division was inhibited, we observed the subsequent growth on agarose pads with 10 mg ml -1 A22. Most cells continued to elongate into filaments (Fig. 6B) , and cell width became significantly more variable (Fig. 6C-E) , in a manner similar to our simulations using random insertion (Fig. 2C) . Furthermore, cell growth eventually led to the formation of a bulge whose rapid growth signalled the demise of the cell. Previous experiments inhibiting both FtsZ and MreB using SulA expression and A22 treatment (2 mg ml -1 ) in an E. coli mutant lacking PBP5 and PBP7 also demonstrated that cells would elongate with a variable width (Varma et al., 2007) . At higher A22 levels (5 mg ml -1 ), cells swelled in the middle to a large width and retained cylindrical endcaps. This difference in morphology may be due either to the absence of PBPs 5 and 7 or to the method of FtsZ inhibition (expression of SulA from a plasmid). Regardless, our results suggest that elongation in the absence of MreB and FtsZ occurs via random insertion of glycan strands, which reduces the cell's ability to maintain its rod shape and integrity.
Tension-dependent insertion does not maintain cell shape
Our model can also reveal the inability of a potential insertion scheme to maintain cell shape. For example, we can directly test whether insertion in a tension-sensitive manner can stabilize the bending and bulging due to random self-similar insertion (Cabeen et al., 2009) . In practice, we choose the starting peptide with a probability that increases exponentially with the spring extension energy k x p p Δ 2 2 (see Experimental procedures). We found that the regions under the largest stress were the peptides surrounding newly inserted strands ( Fig. 7A and  B) , a somewhat counterintuitive observation given that one might naively expect a newly inserted strand to relax the tension locally. However, there was typically a mismatch in the circumferential alignment of the vertices on the new strand with the nearby vertices in the surrounding network that caused the new cross-links to be more stretched than the old cross-links. Therefore, we observed that sites of insertion were highly biased towards the material surrounding recent insertion events, again leading to a positive feedback in insertion that caused rapid loss of cell shape (Fig. 7C ). This suggests that the peptidoglycan synthesis machinery is likely not specifically targeted to regions of high stress.
Discussion
Despite extensive characterization of the biochemical properties and genetic determinants of the bacterial cell wall, fundamental physical questions about how bacteria maintain their shape and size remain unanswered. To investigate cell-shape maintenance in rod-shaped Gramnegative bacteria, we developed a biophysical model for simulating growth dynamics, allowing for different mechanisms of insertion of new cell-wall material. Using this model, we examined the three main factors dictating the insertion of new glycan strands: (i) geometry, via the spatial patterning of new material, (ii) biochemistry, via the likelihood of strand termination, which dictates average inserted strand length, and (iii) mechanics, via forces exerted by the insertion machinery on new strands. Through a quantitative, multidimensional exploration of these three factors, we found that maintenance of cell shape depends on uncoupling the spatial pattern of insertion from the local cell-wall density, while determination of cell width depends on a combination of the average length and the mechanical stretching of new strands during insertion. Moreover, our model can also be used to reveal the failure of qualitative models such as tensiondependent insertion (Fig. 7) to maintain cell shape.
Rod-shaped bacteria such as E. coli, S. typhimurium and P. aeruginosa robustly maintain a cylindrical shape Fig. 7 . Tension-sensitive insertion causes rapid loss of cell shape. A. Schematic of likelihood of initiation surrounding a recently inserted glycan strand based on tension-sensitive insertion. (i) Initial network before insertion, (ii) relaxed network after the insertion of two new strands (blue), (iii) peptides with largest tension highlighted by increased width and blue shading. B. Schematic of likelihood of initiation across the cell wall, with increased insertion probability at cross-links with highest tension. C. Cell wall grown to two-and threefold its original mass, with significant bending and increases in local width. After threefold growth, the cell wall has almost completely lost its rod shape. 3D PDFs of model cell walls can be found online at http://bit.ly/mmi7616_7c (C). All 3D PDFs are fully interactive and can be viewed in Adobe Acrobat Reader (versions 9 and above).
during exponential growth (Fig. 1) . Thus, while each species has its own well-defined radius, the precise maintenance of cell shape is likely general across species. Although we have focused primarily on experiments involving E. coli, our modelling is intended to test general principles of cell growth, rather than the consequences of particular parameters. Moreover, many parameters such as the Young's modulus may in fact be similar even across evolutionarily distant organisms. For example, despite significant differences between the peptidoglycan architectures of E. coli and the Gram-positive Bacillus subtilis, atomic-force microscopy (AFM) measurements indicate that both species have a Young's modulus of 25 MPa (Thwaites and Surana, 1991; Yao et al., 1999) . In any event, we hope that our computational framework will motivate further experimental measurements of the biophysical properties and organization of peptidoglycan across a range of species.
Intriguingly, E. coli can revert to a straight morphology even after large morphological perturbations. E. coli spheroplasts slowly revert back to a rod shape after lysozyme is removed as the cell wall regrows over multiple generations (Schwarz and Leutgeb, 1971) . Filamentous E. coli cells grown in circular agarose microchambers have a curved morphology determined by the chamber geometry, but grow into an increasingly straight conformation when released from the chamber (Takeuchi et al., 2005) . It has been hypothesized that in order for this growth-dependent straightening to occur, insertion of new peptidoglycan cannot depend only on local self-similar growth, instead there must be a global structure co-ordinating the insertion of new material (Mukhopadhyay and Wingreen, 2009; Sliusarenko et al., 2010) . Our simulations also conclude that robust rod-shaped cell-wall growth can be achieved by inserting new material with constant longitudinal and azimuthal density, uncoupled from local peptidoglycan density. We also demonstrated that self-similar growth initiated from random locations along the cell wall results in cell-wall density fluctuations that grow due to positive feedback. Starting from a straight cell, these model cell walls exhibited noticeable departures from a straight morphology after less than one doubling. At later stages of growth, cells were severely bent and bulged outwards with a variation in local width of~30%. Our results indicate that cell-wall synthesis must be regulated in order to maintain shape, and that spatial control alone is sufficient.
Using our model, we also explored the consequences of peptidoglycan insertion in a fixed helical pattern or along a pattern of short helical segments, both of which are much sparser patterns than uniform insertion in which only a tiny percentage (< 1%) of the peptide cross-links are viable initiation sites at any one time (Fig. 5) . We found that rod shape was preserved with similar fidelity to completely uniform insertion. Newly inserted material was shifted progressively farther away from insertion helix by subsequent insertion events, resulting in a flow of new material that homogenized the distribution of insertion. These results suggest that insertion patterns such as patches and short filaments may also be effective at maintaining a rod shape as long as the resulting pattern of inserted material becomes uniform after sufficient growth. Indeed, rod shape was also maintained when the fixed helical pattern was replaced by four dynamic helical segments covering the length of the cell whose angular orientations were independently and randomly selected every time the cell length increased by 33% (Fig. S6) .
Most rod-shaped bacteria contain cytoskeletal proteins thought to form global structures within the cell. The actin homologue MreB forms filaments (Wang et al., 2010 ) that organize into helical patterns when overexpressed (Shih et al., 2005) . MreB also co-ordinates the localization of key components of the peptidoglycan synthesis machinery such as the transpeptidase PBP2 (Den Blaauwen et al., 2003) , and the flexural rigidity of E. coli cells drops by 50% under A22 treatment that depolymerizes MreB (Wang et al., 2010) , suggesting that the MreB structure and the cell wall make comparable contributions to cell stiffness. The stiffness of the MreB structure and its localization on the cytoplasmic face of the inner membrane may enable the spatial organization of peptidoglycan insertion to be independent of the existing cell-wall density. E. coli and C. crescentus cells treated with A22 initially maintain a rod shape but eventually grow into lemon-shaped morphologies (Movie S1) (Gitai et al., 2005; Varma et al., 2007) . Moreover, E. coli cells treated with both cephalexin and A22 continue to elongate but have variable width and eventually lyse due to bulging of the cytoplasmic membrane through large pores in the cell wall (Fig. 6 , Movies S2 and S3). Similarly, in our simulations cell walls growing via random insertion initially remain straight, and only lose rod shape later in growth as cell-wall disorganization increases. Taken together, these results suggest a specific role for the MreB cytoskeleton in rod-shape maintenance, namely use of the structural rigidity of MreB to decouple insertion of new strands from local peptidoglycan density.
In addition to maintaining a specific shape, many rodshaped Gram-negative bacteria faithfully maintain a specific width dependent on species and growth conditions (Fig. 1) . By individually varying the biochemical and mechanical characteristics of newly inserted strands, we have elucidated an interplay between strand termination and insertional stretching that would allow cells to modulate their width. In particular, changes in cell width depend inversely on two factors: (i) the average strand length, which scales inversely with the termination prob-ability during strand synthesis, and (ii) the stretching force exerted by the insertion complex on new strands as they are cross-linked to the existing network. Differences in the distribution of glycan strands have been experimentally measured across morphological variants of cells of a single species and across cells of different species. E. coli cells grown in LB in stationary phase are more spherical and have an average glycan strand length of 17.8 disaccharides, whereas E. coli grown in PB at 42°C have an average strand length of 37.9 (Glauner et al., 1988) . Round E. coli minicells, formed by polar divisions, have shorter strands and altered concentrations of penicillin-binding proteins (Obermann and Höltje, 1994) . Moreover, peptidoglycan glycosyltransferases from different bacterial species produce different glycan chain lengths in vitro (Wang et al., 2008) . Thus, our modelling suggests that E. coli cells can alter their width by varying the processivity of strand synthesis, a prediction that could be tested via measurement of the strand-length distribution before and after cells are shifted from a low-nutrient medium (e.g. M9-alanine, in which cell width is~0.6 mm) to a rich medium (e.g. LB, in which width is~1 mm).
Insertional stretching has been hypothesized as a width-maintenance mechanism in a previous theoretical study that used a continuum model of cell-wall mechanics to argue that the undeformed radius of the newly added material must be less than the current cell radius in order to accommodate pressure-mediated expansion (Lan et al., 2007) . Our studies reveal that roughly 10% stretching is required to maintain a fixed width, and show that increased stretching is correlated with an increase in the fraction of cross-linked glycans and an increase in the rigidity of the cell wall near sites of recent insertion, both of which could serve as experimental signatures of insertional stretching. This degree of insertional stretching would require~5-10 pN of force per glycan subunit, which could be provided by the chemical energy released by cross-linking of the new strand to the old network (Jiang and Sun, 2010) or by the insertion machinery during synthesis (Höltje, 1998) . Insertion complexes may also perform a dual mechanical function by exerting forces on newly inserted strands and restraining the expansion of the existing material during hydrolysis to maximize cross-linking potential. Based on our computational result that the cell wall reaches a steady-state level of organization after sufficient elongation using a given growth model (Fig. S3 ) and our experimental observation that the width of filamentous E. coli is identical to wild-type cells, we predict that the glycan strand length distribution in the cylindrical portion of the cell wall is largely unaffected by cephalexin treatment. Taken together, our results suggest that differences in strand length distributions and cross-linking density contribute to differences in cell width. Our computational framework can be used to investigate the rules governing shape determination and the strategies a cell might employ to grow its cell wall in a robust manner.
Our modelling of cell-wall growth reinforces the principle that systematic spatial variation of insertion probability could lead to variant rod shapes such as curved or helical cells. Moreover, our simulations of helical growth predict that old cell-wall material will move apart in a specific pattern that could be observed by pulse-chase labelling of peptidoglycan. Both our computational (Fig. 2C ) and experimental results (Fig. 6) predict that in the absence of a global MreB-mediated template for insertion, the loss of rod-shape maintenance is coupled to the formation of large pores that could be measurable via cryo-electron tomography (Gan et al., 2008) or AFM (Hayhurst et al., 2008) . In the future, incorporating external and cytoskeletal forces into our models will enable the study of peptidoglycan organization for cells growing in confined geometries (Takeuchi et al., 2005) , curved species such as C. crescentus (Cabeen et al., 2009) and morphological transitions such as cell division (Osawa et al., 2008) .
Because the biochemical properties of peptidoglycan are highly conserved across prokaryotes, our results have elucidated mechanisms that may have broad applicability across even highly divergent species. Indeed, homologues to the mrdA (gene encoding PBP2) and mreB genes are found in a large fraction of rod-shaped bacteria, and the small-molecule inhibitor A22 has similar impact on cell shape in all species with MreB. Thus, simulations provide an effective tool for assigning morphological consequences to each of the molecular properties of the peptidoglycan synthesis machinery, and for testing the effectiveness of different mechanisms of cell growth. In the future, expanding this study to include bacterial species of a variety of shapes and sizes could reveal general mechanisms for manipulating and controlling bacterial growth and division.
Experimental procedures
Bacterial growth conditions
Experiments were performed on the wild-type strains E. coli K12, S. typhimurium LT2 and P. aeruginosa PA01, and the previously described CS612 mrcA dacB dacA dacC pbpG ampC ampH E. coli strain (Nelson and Young, 2000) . Cells used for imaging were grown to log phase (OD600 = 0.5-0.8) in LB. Unless otherwise noted, cells were grown at 37 C. Cephalexin was used at a concentration of 25 mg ml -1 . A22 was used at a concentration of 10 mg ml -1
. Live-cell imaging experiments were performed by pipetting exponentially growing cells onto a 1% agarose pad. All images were captured with a Nikon Ti-E microscope and a DU-885 cooled Rod-shape maintenance in Gram-negative bacteria 11 CCD camera (Andor) using mManager software. Cell shape was analysed using PSICIC (Guberman et al., 2008) . The cylindrical portion of the cell was determined by fitting the width profile to a cylinder with hemispherical endcaps, and the variability in cell width was determined from the subset of 200 points along the perimeter corresponding to the cylinder.
Biophysical model for peptidoglycan mechanics
Our model for the organization of Gram-negative peptidoglycan is discussed in detail in Huang et al. (2008) . In brief, we treat the cell wall as a single-layer network of springs. A maximally connected rod-shaped cell wall is constructed from Nh hoops of Ng glycans each, connected by peptide cross-links. Each vertex lies at the end of two glycans and one peptide. Endcaps were created by adding hoops to the ends of the cell wall with decreasing numbers of glycans selected to produce a hemispherical shape. The cell walls that serve as starting points for our simulations are created by randomly removing peptides and glycans so that the experimentally measured glycan strand length distribution is reproduced.
The equilibrium state of a network is determined by minimizing the sum of energetic contributions from spring extension, glycan bending and turgor pressure. Glycans and peptides are represented as Hookean springs. The peptide spring constant kp = 10 pN nm -1 has been estimated from AFM measurements of the Young's modulus of E. coli sacculi (25 MPa; Yao et al., 1999) . The glycan spring constant kg = 50 pN nm -1 is taken to be larger than the peptide spring constant to reflect the stiffness of the glycan strands relative to the peptide cross-links; for this value of kg there is little stretching in the glycans (Fig. S3G) , hence further increase in kg has virtually no effect. The relaxed lengths dg = 2 nm and dp = 1 nm were estimated from NMR structural studies (Meroueh et al., 2006) . Bending energies are evaluated for glycan-glycan orientations at an angle q using Ebend(q) = a(q -p) 6 /6 with a = 0.1, which penalizes large kinking angles between glycans while allowing small deviations of q from p. The value a was estimated from experimental measurements of the persistence lengths of pectin polysaccharids (~10 nm; Cros et al., 1996) . The turgor pressure of E. coli cells varies from~0.5 to 3 atm depending on growth medium osmolality (Cayley et al., 2000) . We have assumed an intermediate value of P = 1 atm although we note that our qualitative observations hold over a large range of turgor pressures. The turgor-pressure energy is the product of the turgor pressure and the cell volume. The volume of the cell is determined by evaluating the surface integral of the function f(x,y,z) = x over each face of the polyhedron defining the cell surface. The faces of the polyhedron are initially determined geometrically and subsequently updated during insertion events using a shortestcycle algorithm (Bagali and Waggenspack, 1995) . The energy is minimized using a non-linear conjugate gradient algorithm, and all simulations were performed using custom C++ code.
Computational expense rises proportional to both the length and circumference of the cell wall, and the need for growth simulations to be tractable currently limits our study to cell walls smaller than typical E. coli cells, for which roughly Ng~1000 glycan subunits would be required to surround the circumference (Boulbitch et al., 2000) . Most simulations were performed on cell walls starting with an average circumference corresponding to the length of a hoop with Ng = 100 glycan subunits. The width of the cell is~Ngdg/p, thus the cross-sectional area A ϰ Ng 2 dg 2 . The outward force exerted on the endcaps is PA, resulting in a restoring force kpNgDxp/2 borne by the peptide cross-links. Therefore, the extension in each peptide Dxp~Pdg 2 Ng/kp scales linearly with Ng. To recapitulate the energy balance between spring stretching and turgor pressure found in micron-sized E. coli cells, we rescale kp. Since we are interested in the dynamics of the network structure during growth, we scale kp proportional to Ng to keep Dxp and the pore size distribution approximately constant. Given that for an E. coli sacculus kp~10 pN nm -1 and Ng~1000, we set kp = 1 pN nm -1 for our model cell walls with Ng = 100. We have also verified that after scaling kp with Ng, growth simulations with larger hoops (e.g. Ng = 200) give similar results.
Cell-wall growth
We model growth by selecting a peptide cross-link for initiation of glycan synthesis, breaking peptide cross-links along the path of insertion of a new strand, and cross-linking the new strand to the closest uncross-linked old material ( Fig. 2A) . New strands are inserted approximately parallel to the existing strands, wrapping circumferentially around the longitudinal axis of the cell.
The starting peptide cross-link in each insertion is chosen in different ways. In the random insertion scheme, the starting peptide is the closest peptide to a randomly chosen point on the cell surface. In the uniform insertion scheme, the starting peptide is chosen randomly with a uniform azimuthal and longitudinal density. In the helical insertion scheme, the starting peptide is chosen randomly along a fixed helical pattern. In the tension-dependent insertion scheme, the starting peptide is chosen with a probability proportional to a Boltzmann factor e E /t , where E is the Hookean spring energy of each spring, and t is a temperature, taken here to be 0.5 pN nm.
After the starting peptide is chosen, peptides are removed from adjacent glycan strands along a path in the circumferential direction until the free path exceeds a defined length L. Since only peptides in adjacent polygons are removed, planarity is maintained. If the local geometry requires the strand to deviate too far from the circumferential direction, removal of peptides stops even if the free path has not reached L. Once the glycan strand has been created, it is subdivided into glycan subunits of length dg, or in the case of insertional stretching, of length sdg, where s is the stretching parameter. In all cases, the new glycans have stiffness kg. Peptides along the glycan strand crosslink to the closest in-plane free peptide in the old material, within a radius of 5 nm. Large pores tend to be created near the ends of newly inserted strands, mostly due to the geometry since a previously existing cross-link is replaced with a new cross-link that connects the end of the new strand only to one side of the old cross-link.
